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Abstract 



> , 

■ Defining conditions for irreducible tensor operators associated with the uni- 

^ ■ tary irreducible corepresentations of compact quantum group algebras are 

o : 

. deduced within the framework of the abstract carrier space formalism. It is 

bJQ. shown that there are two types of irreducible tensor operator, which may be 

cr. 

J> . strated, and various consequences are deduced, including generalizations of 



called 'ordinary' and 'twisted'. The consistency of the definitions is demon- 



the Wigner-Eckart theorem for both the ordinary and twisted operators. Ex- 
amples of irreducible tensor operators for the standard deformation of the 
function algebra of the compact Lie group SU{2) are described to demon- 
strate the applicability of the new definitions. 
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I. INTRODUCTION 



Most of the applications to physics of the theories of groups and Lie algebras depend on 
the Wigner-Eckart theorem, and so it is of great interest to see how this theorem generalizes 
to other algebraic structures. In a previous paper^, hereafter referred to as Paper I, a study 
of the definitions and properties of irreducible tensor operators for a compact quantum group 
algebra A was initiated by examining the case of the right regular and left regular coaction 
formalisms, and was extended to the case of operators associated with the corresponding 
quantum homogeneous spaces of A. In the present paper this will be further extended to 
the case of operators acting in the abstract carrier spaces of irreducible corepresentations of 
A. 

The plan of the present paper is as follows. The remainder of this section will be devoted 
to putting the analysis that follows into context, first by reviewing briefly the situation for 
compact Lie groups, and then by indicating the background for the generalization of compact 
Lie groups to compact quantum group algebras. In the next section the most relevant 
properties of compact quantum group algebras will be summarized, particular attention 
being devoted to the essential role played by corepresentations. This summary is continued 
in Section III, where the two different types of tensor product of corepresentations and 
their associated Clebsch-Gordan coefficients are briefly discussed. The heart of the paper is 
reached in Section IV, where the irreducible tensor operators are defined and some of their 
immediate properties are deduced. In particular, it will be shown there that there are two 
types of irreducible tensor operators, which will be described as being ordinary and twisted 
respectively. The motivations for the definitions of Section IV are deliberately relegated 
to the Appendix in order to emphasize that the treatment given for the compact quantum 
group algebras in Sections IV and V entirely self-contained. In Section V it is shown that 
there are two theorems of the Wigner-Eckart type, one for the 'ordinary' and one for the 
'twisted' irreducible tensor operators. To illustrate the applicability of the new definitions 
of Section IV, examples of irreducible tensor operators for the standard deformation of 
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the function algebra of the compact Lie group SU{2) are described in Section VI. Unless 
otherwise stated, the notations, definitions, and terminology are exactly the same as those 
given in Paper I, which also contains an account of the relationship of the present line 
of study to previous work on the applicability of the Wigner-Eckart theorem to quantum 
groups. 

Because the space of functions defined on a compact Lie group ^ is a special example of a 
compact quantum group algebra, all the well-known results for compact Lie groups naturally 
reappear in this particular case. However, as the detailed analysis shows, the theory in the 
general situation is rather more subtle, and exhibits various complications. Nevertheless, 
the point of view of the present communication is best introduced by considering first the 
abstract carrier space formalism in this very well established and familiar context of a 
compact Lie group Q (c.f. Refs. 2, 3). Let be a carrier space for a unitary irreducible 
representation of ^, and let -01 , "02) ■ ■ ■ > V'dj, be an ortho-normal basis for V^. Define for 
each T e Q a, linear operator ^p{T) that acts on by the requirement that 

nTm) - E rnT)^„c (1) 

m=l 

for all T e ^ and all n = 1, 2, . . . , dp. Let F^, F^, and F'' be any three unitary irreducible 
resentations of Q. Then one can consider a set of irreducible tensor operators QljQl, ■ ■ ■ , Q\ 
that each map into and which are such that 

$^(r) Qi ^^{T)-' = x: ^'{T)^nQ'L (2) 

m=l 

for all T e ^ and all n = 1, 2, . . . , dq. In this case the Wigner-Eckart theorem deals with 
inner products ( , ) defined on y and states that the j, k, and I dependence of (■0^, QKi/^^)) 
depends only on Clebsch-Gordan coefficients for the reduction of the tensor product F^ F^ 
into its irreducible constituents F'". 

In a minor extension of this formalism, one could introduce an inner product space V 
that is a direct sum of carrier spaces of certain unitary irreducible representations of Q and 
which contains at least © (and which, in the extreme case, may contain one carrier 
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space for every inequivalent irreducible representation of Q). Then, for each T G ^ an 
operator $(T) can be defined which maps elements of V into V, and which acts as $p(T) 
on V^, as $''"(T) on V", and so on. The irreducible tensor operators are then required to 
each map V into V and to be such that $(T) <^{T)~^ = Em=i r«(T)^„Q«, for all T G ^ 
and all n = 1,2, ... ,dq. In this case the Wigner-Eckart theorem deals with inner products 
( , ) defined on V, but is otherwise the same as above. 

As emphasized in Paper I, one most important lesson that can be drawn from these 
simple group theoretical considerations concerns the consistency of the definitions of the 
basis vectors and of the irreducible tensor operators. As $p(T)$^(T') = ^^(TT') and 
YP{T)TP{T') = TP{TT') for all T,T' G G, it follows that if (g) is vahd for T and for T', 
then it is also valid for their product TT'. Similarly, and very significantly, by defining for 
each T G ^ an operator \1/(T) by 

^(T)(Q) = $"(T) Q <I>P{T)-^ (3) 

for every operator Q that maps into V^, the definition can be recast as 

^iT)iQi) = y: r^TUnQl (4) 

m=l 

for all T G ^ and all n = 1, 2, . . . , dq. As ^(T)^(T') = ^(TT') for all T, T' G G, it follows 
that if is valid for T and for T', then it is also valid for their product TT'. Put another 
way, because of the similarity in form between (|I]) and (^), the consistency of the definition 
(0) of the irreducible tensor operators is ensured by the fact that they too form a basis 
for a carrier space, this time for V^. In the analysis that follows (cf. Section IV), essentially 
this argument will be used to justify the definitions that will be given for the irreducible 
tensor operators of the compact quantum group algebras, the only essential difference being 
that the argument has to be cast in terms of corepresentations instead of representations. 

As is well known, the set of functions defined on a Lie group G form a Hopf algebra, 
A, and the dual A' of A is the universal enveloping algebra of the Lie algebra C of G- 
Moreover, the structure of G can be encoded into the structure of A, and, in particular, A is 
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commutative. A 'deformation' (or 'quantization') of A' induces a corresponding deformation 
of A-i and will make A non- commutative as well as being non-cocommutative. Although 
most attention has been focused on the deformed Hopf algebras A! i it has been demonstrated 
by the pioneering work of Woronowicz^"^, which itself has been refined and developed by 
Dijkhuizen and Koornwinder^"^^, that it is of very great interest to produce a self-contained 
and direct study of generalizations of the Hopf algebras A. This can be done by assuming 
that they have certain characteristic properties, and the resulting structures have been called 
compact matrix pseudogroups by Woronowicz^"^, and compact quantum group algebras by 
Dijkhuizen and Koornwinder^"^^. It is these that provide the framework for the present 
paper, which, as intimated above, is devoted to the study of the irreducible tensor operators 
for compact quantum group algebras in the abstract carrier space formalism. 

II. COREPRESENTATIONS OF COMPACT QUANTUM GROUP ALGEBRAS 

It should be recalled (c.f. Refs. 1, 7-12) that a right A- comodule consists of a vector 
space V and a linear mapping Try from VioV®A such that 

(ttv (8) id) ony — {id A) o Try (5) 

and 

{{id ® e) o T^y){v) = V ® Ic (6) 

for all V &V . The operation Try is then said to be a right coaction and provides a corepre- 
sentation of A with carrier space V. 

Of great importance are the finite-dimensional irreducible corepresentations, which, for a 
compact quantum group algebra A, are assumed to form a countable set (up to equivalence) . 
Moreover each such irreducible corepresentation is equivalent to a unitary corepresentation. 
Let TT^, for p = 1, 2, . . ., denote the set of unitary irreducible corepresentations of A (one 
being chosen from every equivalence class), and let be a carrier space of tt^, assumed to 
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be of finite dimension dp, with basis Vi, f f, . . . , v^^. Then there exists a uniquely determined 
set of elements vr^j^. of A (for j,k = 1,2, ... ,dp), called the matrix coefficients of tt^, which 
are such that 

vr^(^D = E ® (7) 

k=l 

for all j = 1, 2, . . . , dp. The requirements (^) and @ then imply that 

^K.) = E<.®^";^ (8) 

and 

= 5,. (9) 
(for j,k = 1,2, ... ,dp). The unitary requirement on implies that 

S{n%) = <l (10) 

X:M(7r^*®<,) = 5,,U (11) 
i=i 

and 

EM(7r;,®0 = 5,a.4 (12) 
1=1 

(for all j, /c = 1,2, ... ,dp). For a compact quantum group algebra A this set of matrix 
coefficients are assumed (c.f.Refs. 1, 7-12) to form a basis for A. 

Let Vfj be a set of projection operators for that are defined by 

n(^D = '^..^J (13) 

for alH, j, = 1, 2, . . . , dp. Let vr'" be another unitary irreducible corepresentation of A, and 
let be the set of linear operators that map elements of V"^ into V^' . A basis for C^'' is 
provided by the set of operators VfJ that are defined by 

V',;K)=6,,v^^ (14) 



for aA\ i, k = 1,2, . . . , dp and all j = 1,2, . . . , dr. Then 

^^n ° V!l O Vf^ = 5,, Srn, Vg (15) 

for alH, J, /c = 1, 2, . . . , dp and all i,m,n = 1,2, ... , d^. If Q is any element of D''^ , then 

QK) = E?.;^^I (16) 

for all = 1, 2, . . . , (ip, where Qjk are the complex numbers that are defined by 

q,k = {v^,Mvl)) (17) 

for aX\ k = 1,2, ... ,dp and all j = 1,2, ... ,dr, { , ) being the inner product of V"^ . Moreover 
one can write 

dp dr 

Q = T.T.i^^'pf; ■ (18) 

i=l j=l 

III. TENSOR PRODUCTS AND CLEBSCH-GORDAN COEFFICIENTS 

A. Ordinary and twisted tensor products 

With the ordinary tensor product of two irreducible corepresentations vr^ and vr'^ of A 
(with carrier spaces and respectively) being defined as the mapping tt^^tt'^ from 
VP toVP^V^A that is such that 

ttP^tt'^ = {id ^id® M) o {id® a ® id) o (tt^ (g) tt"^) , (19) 

it is easily shown from (j^) that the corresponding matrix coefficients are given by 

(vr^K7r«),,,,fc = M«,.®7r,',) (20) 

for all j, s = 1,2, ... ,dp and all fc, t = 1, 2, . . . , dg. 

Similarly, with the twisted tensor product of vr^ and vr^ being defined as the mapping 
7rPi7r« from (g) to (g) V ® A that is such that 
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wP^n'^ = (id ®id® M)o {id ® id ® a) o {id ® a ® id) o (vr^ ® vr'') , (21) 
it is also easily shown from that the corresponding matrix coefficients are given by 

(7rPi7r'^).,,fc = MK,®7r^,.) (22) 
for all J, s = 1, 2, . . . , dp and all /c, t = 1,2,..., dq. 

B. Clebsch-Gordan coefficients 



Suppose that the ordinary tensor product tt^KItt'^ is reducible (and hence is completely 
reducible (c.f. Refs. 1, 7-12)), and that n^^ is the number of times that the irreducible 
corepresentation vr'' (or a corepresentation equivalent to it) appears in its reduction. If the 
carrier spaces and have basis elements f f ^ , . . . , v^^ and f ^, vf, . . . , v'^^ respectively, 
then the set of elements Vj ® vl form a basis for V'^, the carrier space of tt^KItt'^, and 
consequently appropriate linear combinations form bases for all the irreducible corepresenta- 
tions TT*" that appear in the reduction of the tensor product. Let wp" be such a combination, 
so that 



EE 

j=i k=i 



p q 

j k 



(23) 



for 



1,2,..., dr^ and a = 1, 2, ... , n^g, and 



(7rW)(^r) = E<'"®<^ 



(24) 



for M = 1, 2, 



dr^ and a = 1, 2, ... , rf . The inverse of ([23| ) is 



r a=ie=l 



( 

r 


a 


p 









(25) 



for j = 1,2, dp and k = 1,2, dq. The Clebsch-Gordan coefficients defined in 
form the elements oi a. dpX dq matrix C, while the inverse coefficients defined in ( P3| ) form 
the elements of C~^, where 



pq 



(26) 



This implies that 



{^'^^"h.t = E E E 

r a=ie,u=l 



P Q 

i s 



r , a 
u 



vr. 



ul 



r , a 



V 



J t 



(27) 



for 2, j = 1, 2, . . . , dp, and s, t = 1, 2, . . . , c/g. 

Thus, by (pO|), the product of any two basis elements of A can be expressed in terms of 
Clebsch-Gordan coefficients, for 



M(4 ® vr.^,) = E E E 

r a=l e,u=l 



( 



P Q 

i s 



\ ( 



u 



vr. 



ui 



I 



r , a 



V 



P Q 
J t 



\ 



(28) 



for i,j = 1, 2, ... , dp, and s,t = 1,2, ... ,dg. This is essentially the converse of the relation 
(1.137), that is, of 



( 

r 


a 




P ^ 


q p 


r 


a 






k 


^) 


s 


V 


J 



(29) 



for all j = 1,2, ... ,dp, k = 1,2, ... , dq, and / = 1,2, ... ,dr. Here h is the Haar functional 
and F'^ is a non-singular dr x dr matrix with the property that 



k=l k=l 



E ^jkFJ^e (30) 

k=l 

(for all j,£ = 1,2, . . . , dr), where n^^ is the doubly contragredient partner of n^. 



IV. THE IRREDUCIBLE TENSOR OPERATORS 
A. Introduction 

Let 71^,71'^, and vr^ be unitary irreducible right coactions of A of dimensions dp, dq, and 
dr respectively, and with matrix coefficients vrj^, vrj^, and vrj^ respectively. Let be the 
vector space of operators introduced in Section II. It will be shown that there exist two 
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types of irreducible tensor operators that are members of and which belong to the 
corepresentation tt''. These will be denoted by and Qj (fo^' J = 2, . . . , dg), and will 
be called ordinary and twisted irreducible tensor operators respectively. Naturally the two 
types of irreducible tensor operators coincide in the special case in which A is commutative. 

It will also be shown that the definitions of both of these types of irreducible tensor 
operators is easily extended to the case in which is a vector space that is a direct sum 
of carrier spaces of unitary irreducible corepresentations of A and which contains at least 

VP © v. 

B. Definitions of irreducible tensor operators 

1. Definition of the ordinary irreducible tensor operators 

The ordinary irreducible tensor operators Q'j belonging to the unitary irreducible right 
coaction tt'^ of A are defined to be members of C^^ that satisfy the condition 

{{zd ® M) o {it' ® td) o {Q". ® S) o nP) (yP) = J2 Qli^'') ® <j (31) 

k=l 

for all yP G and all j = 1, 2, . . . , dq. Clearly this definition involves only quantities defined 
for A and its coactions. Both sides ( pT]) are members of ® A. (The motivation behind 
the definition ( pTj ) is explained in Section B of the Appendix.) 

It will now be shown that ( pT]) provides a consistent definition, in that it can be re- 
expressed by saying that the operators (for j = 1,2,..., dq) form the basis of an irre- 
ducible subspace of a carrier space for a certain right coaction of A. This right coaction will 
be denoted by vr^pr, as its carrier space is C^^. The definition of vr^pr is then that it is the 
mapping of Tr^pr into vr^pr (g) A that specified by 

ncAQ) = E E ilm VfJ ® M«„ ® S{nf^)) , (32) 

i,j=l m,n=l 

for all Q G C^"^ , where g„j and Pj^ are defined in ( [T7| ) and (|T3|). (The motivation for the 
definition (^) is given in Section B of the Appendix.) 
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It is then quite easily shown that ncpr- satisfies (|^) and (|^) (with vry and V replaced by 
TCcpr and C^^' respectively), and hence vr^pr is indeed a right coaction with carrier space C^"^. 
Moreover, it is easily demonstrated that 

(vr£P.(g))K® U) = iitd®M)o{7i'0id)o{Q0S)onP){vP) (33) 

for all yP e VP and all Q e CP''. Thus (0) and (gSj) imply that the definition can be 
written equivalently as 

r^c^r{Qj) = J2Ql®rfl^ (34) 

k=l 

(for all j = 1, 2, . . . , dg). Because (0) is similar in form to (^, and as vr^pr is a right coaction 
with carrier space Cp^, the consistency of the definition ( pTD is now ensured. 

Now consider the situation in which is a vector space that is a direct sum of carrier 
spaces of unitary irreducible corepresentations of A and which contains at least Vp (B V^. 
Let 71 be the mapping of V into V ^ A that coincides with ttP on Vp and with tc^ on V^, 
and which acts similarly on any other carrier spaces that might be contained in V. Then 
the generalization of ( ^I]) is clearly 

dq 

{{id ® M) o (tt ® id) o (g] ® 5) o 7r)(i;) = Q^(t;) ® tt^^- (35) 

fc=i 

for all f G and all j = 1,2, . . . ,dq. (The consistency of the definition (|35[) is an immediate 
consequence of the consistency of (|3TD). 

2. Definition of the twisted irreducible tensor operators Q'j 

The twisted irreducible tensor operators Q'j belonging to the unitary irreducible right 
coaction vr"^ of A are defined to be members of Cp^ that satisfy the condition 

dq 

{{id ® M) o {id ® a) o {n' ® 2d) o (Qf ® 5"^) o 7rP)(t;^') = Qli^") ® (36) 

fe=i 

for all G VP and all j = 1,2, ... , dq. This definition (^) differs from the corresponding 
definition (|3l| ) only in the replacement of M by M o cr and S by S*"^ (neither of which have 
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any effect in the special case in which A is commutative). (See Section B of the Appendix 
for further discussion of this pair of substitutions. It should be recorded that Rittenberg 
and Scheunert^^ noted previously, in the context of what was essentially the abstract carrier 
space formalism of Section I as generalized to irreducible representations of the dual A', that 
these substitutions do produce another type of irreducible tensor operator, but they did not 
pursue this observation.) 

The demonstration that (|36D provides a consistent definition again involves showing that 
it can be re-expressed by saying that the operators Q'j (for j = 1,2, ... ,dq) form the basis 
of an irreducible subspace of a carrier space for another right coaction vf^pr of A. This right 
coaction is defined as the mapping of C^^ into C^^ A that specified by 

^c^^Q) = E E ilm VfJ ® M{S~\nf^ ® <J) (37) 

i,j=l m,n=l 

for all Q G C^^. (The motivation for the definition ( pTj) is given in Section C of the Appendix). 
Then 

{ncpr{Q)){v'' O 1^) = {{td O M) o {id O a) o (vr'^ o id) o (Q ® S'^) o 7rP){vP) (38) 

for all yP G and all Q G C^''. Thus {^) and (§§) imply that the definition (^ can be 
written equivalently as 

^£-(Qf) = EQf ®vr^, (39) 

k=l 

(for all j = 1,2, ... ,dq), which then ensures its consistency. 

In the situation in which V is a vector space that is a direct sum of carrier spaces of 
unitary irreducible corepresentations of A and which contains at least (B V^, and with 
the mapping vr from V into V ^ A that is defined in the end of the previous subsubsection, 
the generalization of ( p6D is clearly 

dq 

{{id (g)M)o {id ® a) o (tt ® id) o {Qf (g) S-^) o tt){v) = Ql{v) ® nlj (40) 

fc=i 

for all f G y and all j = 1,2,..., dq. (Again, the consistency of the definition ( |1D| ) is an 



immediate consequence of the consistency of (pq) ). 
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C. Properties of irreducible tensor operators 

1. The identity operator as an irreducible tensor operator 

Suppose that y is a vector space that is a direct sum of carrier spaces of unitary ir- 
reducible corepresentations of A and which contains at least (B V^, and that vr is the 
mapping of V into V ® A that is defined in the previous subsection. Suppose that Q is the 
identity operator id of V (so that Q{v) = v for all v & V). Then, on using (|D and 
together with the Hopf algebra properties M o(^id® S)oA = uoe and u{\c) = it follows 
that 

{{id (g) M) o (tt (g) id) o {id ® S) o 'k){v) = v ® 1^ (41) 

for all f G V , which, by (^), leads to the conclusion that the identity operator id is an 
ordinary irreducible tensor operator for the one-dimensional identity corepresentation whose 
sole matrix coefficient is 1^. 

It is easily checked (using (^OD in place of (pS])), that id is also a twisted irreducible tensor 
operator for this identity corepresentation. 

The same conclusions for identity operators follow directly from (|3TD and ( |36D in the 
special case in which p = r. 

2. Two useful identities for the ordinary irreducible tensor operators Q'j and 

If Ql is an ordinary irreducible tensor operator belonging to the unitary irreducible 
corepresentation tt'^ of A (as defined in (pTD), and f J (for j = 1, 2, ... , dp) provides a basis 
for the carrier space of the unitary irreducible corepresentation vr^ of A, then 

vr^(Q^K)) = E E(Q?K)) ® m<k ® <•)), (42) 

s=l t=l 

for all j = 1, 2, . . . , dp, and k = 1,2, ... ,dq. By contrast, if Ql is a twisted irreducible tensor 
operator belonging tt'^, then 
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r^'iQim = E E(<5?«)) ® ® (43) 

s=l t=l 

for all j = 1, 2, . . . , dp and k = 1,2, . . . ,dg. It should be noted that the factors in the second 
term of the right-hand side of (|i3| ) are interchanged relative to those of P^). 

The proof of is as follows. On applying (|^) and the relation S{n^g) = n^l, the 
left-hand side of (^Tj) (with = v^) becomes 

{{zd ® M) o (vr^ ® .rf))(E(gK^D) ® <D 

k=l 

On multiplying from the right with id (S> Tr^j, summing over s, and applying the relation 
^i'^sk ® ^si) — ^ik^Ay ^his rcduccs to Ti'' {Qf {vj)) . However, multiplication of the right-hand 
side of ( pT] ) from the right with id^ vr^j and summing over s produces J2t=i J2t=iiQt i'^s)) ® 
{M^Tclf. (g) TCgj)). The line of proof for ( ^31) is similar. 

5. Identification of the corepresentations vr^pr and vf^pr o/ ^ 
It is easily shown from the definition ( |32D of iTcpr that 

^C.r (Vf;) = E E P^^'-^ ® in^mnnm,^ , (44) 
m=l ?i=l 

where VfJ are the operators defined in ([I^), and where tt^ is the corepresentation of A that 
is conjugate to vr^, so that its matrix coefficients are given by ttJ^ = (Trjjt)*. Then, by (|20D 
and dH), 

(^^1 = E E 'P'n^n ® (vr^ivr'-)^.,, . (45) 

m=l n=l 

This shows that vr^pr is actually the right coaction that is given by the twisted tensor product 
TT^MiT^', and that the operators VfJ are the basis vectors of the carrier space C^"^ of this 
coaction. 

Taken with (|3^), this indicates that the irreducible tensor operators Q'j of the definition 
(pT|) exist only if tt'^ is contained in the reduction of vf^Klvr^. As vf^Klvr'' and tc^^tt^ are 
equivalent^, this implies that Q'j exists only if n^p > 0. But ra^p = n^gp (c.f. (1.125)), so 
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exists only if n^^ > 0. (These observations are confirmed by the exphcit expressions for the 
irreducible tensor operators given in below and by the Wigner-Eckart theorem of (|50D 
below). 

Similarly, one can show from the definition of vf^pr that 

(^^) = E E ^^'"n ® (^^^O^n.. , (46) 
m=l n=l 

where vr^t is the corepresentation of A that is conjugate to the corepresentation tt'^^ that is 
itself doubly contragredient to n^. This shows that vf^pr is the right coaction that is given by 
the ordinary tensor product ttp^Mtt''", and that the operators VfJ are the basis vectors of the 
carrier space C^^' of this coaction. 

Taken with (|39D , this shows that the twisted irreducible tensor operators Q'j of the 
definition (|36D exist only if n'^ is contained in the reduction of ttp^^tt^ . As vr^^ and ttp are 
equivalent^"^^, this implies that Q'j exists only if ripr > 0. But ripr = n^g (c.f. (1.125)), so Q'j 
exists only if yf^^ > 0. (These observations are confirmed by the explicit expressions for the 
twisted irreducible tensor operators given in ( ^Uj ) below and by the Wigner-Eckart theorem 
of (0) below). 

4- Explicit expressions for the irreducible tensor operators 

If rigp > there exist n^^ linearly independent ordinary irreducible tensor operators that 
satisfy (|3TD . These are given by 



dp dr 


( 

r p 


Q 


a 








1 it 


i=l i=l 




J 


) 





for a = 1,2,..., rigp and j = 1,2,..., dq. Here the label p in the Clebsch-Gordan coeffi- 
cients relates to the corepresentation vf^ that is conjugate to tt*'. As noted in the previous 
subsubsection, (c.f. (1.125)). 

The proof of (^Tj) is as follows. The analogue of (1.130) for the tensor product tt^MttP is 
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dr dp 



=1 1=1 



r p 



q , a 
^ J 



E 

k=l 



r p 
n m 



q , a 
k 



IT 



kj 



(48) 



for m = 1,2, ... ,dp, j = 1,2, ... ,dq, n = 1,2, ... , dr, and a = 1,2, ... , n^p. However, by 



and 





( 

r p 


Q 


a 










i,m=l £,n=l 




j 


) 





On applying (EHI) and P7|), this reduces to 



q,a 



k=l 



(for all j = 1,2, ... ,dq and a = 1,2, ... , n^p). That is, the operators Qf'^ defined in 
satisfy (@), which is equivalent to (|3lD . 

Similarly, if n^^ > there exist n^^ linearly independent twisted irreducible tensor oper- 
ators that satisfy (pT]). These are given by 



(49) 



for a = 1, 2, ... , ripg and j = 1,2, . . . , dg. Here the label p^ in the Clebsch-Gordan coefficients 
relates to the corepresentation ttp^ that is conjugate to the corepresentation vr^^ that is itself 
doubly contragredient to n'^. It should be noted that n|j. = ripg = (c.f. (1.125)). 

The proof of ( ^Uj ) is similar to that of (0), but uses the right coaction yf^pr in the place 
of Ticvr. Also needed is the relation 



dp dr 






a 










i=l 1=1 


V ^ ^ 


j 


) 





= E F^k i^nke ((F^)-i) 



k,e=i 



which follows from (|30|) , and the corresponding relation 



p r 


q , 


dp 


pi 


q , OL^ 


= E 

k=l 




^ ) 


^ k I 


^ ) 
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V. THEOREMS OF THE WIGNER-ECKART TYPE 



If TT^, tt'^, and vr^ are unitary irreducible corepresentations of A of dimensions dp, dq, and 
dr respectively, f J and f[ are basis vectors belonging to the carrier spaces and V"^ of vr^ 
and respectively, and Ql is an ordinary irreducible tensor operator belonging to vr'^ (as 
defined in (^)), then 



r , a 



V 



q p 
k j 



{r\Q'\ p)c 



(50) 



for all j = 1,2, ... ,dp, all k = 1, 2, ... , dq, and all £ = 1, 2, ... , dr. Here the reduced matrix 
elements {r \ Q'^ \ p)a are given by 



(r I g'? I p). 





( 

q p 


r 


a 








V 


) 





(51) 



for a = 1,2, .. . and ( , ) denotes the inner product of V^. Here F** is the matrix 
defined in (pO|). 

On the other hand, if Ql is a twisted irreducible tensor operator belonging to n'^ (as 
defined in (B§)), then 



a=l 



( 

r 


a 


p q^ 









(r I I p)c 



(52) 



for all j = 1, 2, . . . , (ip, all = 1, 2, . . . , dq, and all £ = 1, 2, ... , dr, where the reduced matrix 
elements {r \Q'^ \p)a are given by 



[r\Q'i\ p). 



E£iE£iEt=i«>Q?«)) 


/ 

p q 


r 


a 


mn-'u/triiFn-')} 




t 


V 


I 





(53) 



for a = 1,2, . . . ,n^g. 



The results (|50|) and (p2D again exhibit the classic Wigner-Eckart theorem behaviour, 
in that they show that the j, k, and i dependences of the inner products {vi,Ql{v^)) and 



Ql{vj)) are determined only by Clebsch-Gordan coefficients, but it should be noted that 
in the general case in which A is non-commutative, the inner products for the ordinary and 
twisted irreducible tensor operators involve different sets of Clebsch-Gordan coefficients. 

The proof of (|50|) is as follows. The condition for a corepresentation vry of A to be 
unitary is that 

Y,{w,V[i],)S{vi2]) = 5lHi],^)(^[2])* (54) 

[v] [w] 

for all v,w E V, the carrier space of vry, where 

'^viv) = ® ^[2] ' (55) 



with vii] e V and V[2] E A (c.f. (1.51)). Thus with v = Q'jivf) and w = (||), (||), 
and (0) imply that 

EE(^;,Q?«)) 5(M(4 ® vrfj) = |:«,gK^n)«.)* • (56) 

s=l t=l u=l 

But (tt^^)* = ^(Tr^y), so acting on both sides with 5*"^ (which is well defined for a compact 
quantum group algebra^"^^), multiplying through from the left by (tt^^)*, summing over £, 
and using the relation Y^i^iij^lk)* ® (^D) — ^uk^A^ (11) reduces to 

EEE(^;-,Q?«)) {{KkUl,®<i) = {vl,Q%vf))U . (57) 
e=i s=i t=i 

On acting with the Haar functional h, and applying (129|) and the relation /i(l^) = 1, (|50D 
follows immediately. The proof of (|52|) is similar. 

VI. EXAMPLE: IRREDUCIBLE TENSOR OPERATORS FOR THE STANDARD 
DEFORMATION OF THE FUNCTION ALGEBRA OF THE COMPACT LIE 

GROUP SU{2) 

It is particularly interesting to study the foregoing theory for the case in which A is the 
standard deformation of the function algebra of the compact Lie group SU{2), because both 
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this Hopf algebra A and its dual A' have been very extensively investigated, the former in 
the language of 'compact matrix pseudogroups' and the latter as the deformation Uq{sl{2)) 
of the universal enveloping algebra U{sl{2)) of the simple Lie algebra sl{2). 



A. Structure of the standard deformation of the function algebra of the compact Lie 

group SU{2) 

It is well known (c.f. Ref. 16) that the irreducible representations of the deformation 
Uq{sl{2)) (for generic q) can be labelled by a single index j, which takes values 0, |, 1, |, ■ ■ 
the irreducible representation corresponding to j being (2j + l)-dimensional, with rows and 
columns that may be labeled by indices m' and m that take values —j, + — 
exactly as for the simple Lie algebra sl{2). To each of these representations corresponds a 
corepresentation of the dual Hopf algebra A. Consequently the labels for corepresentations 
of A will henceforth always be denoted by j (possibly with a prime or subscript attached) 
and the rows and columns of the corresponding matrix coefficients will be labelled by these 
indices m and m' (possibly with subscripts attached) . (Although q was used in all the other 
sections of this paper to indicate an irreducible representation or corepresentation, in this 
section it will be employed to denote the standard deformation parameter). 

All of the irreducible corepresentations (for j — 0,|,1,|,...) may be taken to be 
unitary, and their matrix coefficients tt;^/^ form a basis for A. Moreover every matrix 
coefficient tt^/^ for j > 1 can be written as a polynomial in the matrix coefficients of tt^^^, 
while TTgo = 1^- Let 



(68) 



where the entries are assumed to satisfy the relations 

XU - q-^UX, XV = q-^VX, YU = qUY, YV - qVY, 
UV = VU, XY - q-^UV = U, YX - qUV = Ia- 



(59) 



20 



In the language of 'matrix pseudogroups' the matrix coefficients vr^/^^ are called 'quantum 
d-functions' and are denoted by dl^,^. The work of Nomura^^ then implies that 



/jr3 



ga{2j — rn' -\-rn — a) -\-rn — ajjrn' —rn-\-a ■^a — m' — a 



(60) 



[a] ! [j+m~a\ ! [m'— m+a] ! [j— m'— a]! ' 

where [n] = (g" — /(q* — Q'^"'^) and [n] ! = [n] [n — 1] — 2] . . . [2] [1] , and where the sum over 
a is over all integers such that the expressions in the q- factorials are non-negative. (The 
present quantity q is actually g^^^ in the notation of Nomura^^'^^). Then, for example 



X2 gl/2[2]l/2Xf/ f/2 

^2 gl/2[2]l/2yF r2 



(61) 



and 



TT 



3/2 



V 



(62) 



X3 g[3]i/2x2f/ g[3]i/2X?72 f/^ 

g[3]V2x2'l/ X^Y + q^[2]XUV q[2]XUY + q^U'^V q[^Y/'^U'^Y 
g[3]V2xy2 g[2]X\/r + g2f/v2 XF^ + g2[2]f/vy g[3]i/2f/y2 

g[3]l/2\/2y g[3]V2l/y2 y3 

The product of any two matrix coefficients can (at least in principle) be deduced from the 
expressions. 

An alternative way of getting the product of any two matrix coefficients is to invoke (p8|), 
for the Clebsch-Gordan coefficients are known for this A. Indeed for this A the Clebsch- 
Gordan coefficients exhibit two simplifying features. Firstly, the multiplicity is always just 1, 
so the index a in the Clebsch-Gordan coefficients of (p3|) may be omitted, and secondly, the 
Clebsch-Gordan coefficients can be taken to be purely real. As the Clebsch-Gordan series 
for 7r-'iKl7r-'2 jg ^j^g direct sum of tt-' with j = ji -|- j2, ji + j2 — 1, • • • , \ji — j2\, ( pHD reduces in 
this case to 



m, mi 



tt; 



J2 ^ 



E E 

3 = \h-h\ m',m=~j 



' Jl J2 





u 


32 




m'm ■ 


(63) 








1712 


m ^ 







21 



Various equivalent expressions for the Clebsch-Gordan coefficients appear in tfie literature, 
but the most convenient for application here is that given by Nomura^^, which, in the present 
notation, is 



/ . 

Jl 


j2 


A 




1712 


m ^ 



x{[ji + - mi]![j2 + m2]\[j2 - m2]\[j + m]\[j - m]\[2j + 1]}^/^ 

^ (_l)'»g-'x(n+j2+3 + l)/2 

" [a] ' bi +h —j -a]\\ji-mi—a]\ [72 +m2 —a]\[j -j2 +mi +a]\[j -ji-m2+a]\ ' 

where A(a,6,c) = {[-a + b + c]\[a -b + c]\[a + b - c]\/[a + b + c+ l]\y/'^ and x(a) = a(a+l), 
and where the sum over a is over all integers such that the expressions in the q-factorials 
are non-negative. In particular 



and 





j 


2 




—m 


1 




J 


1 
2 




—m 





(-1) 



q 



[^■ + ^ + l]i/2|[2][2j]!/[2j + 2]!} 



1/2 



(65) 



1 \ 



1 

2/ 



= (-lV-"^gi+i'"[j-m + l]V2{[2][2j]!/[2i + 2]!}V2 . (66) 
The action of the coproduct A and counit e of ^ on the generators of A is given by 



A(x) ^x®x + u®v, A(y) = T/(8)C/ + y®y, 

^{U) = X ®U + U ®Y, A(y) = V®X + F® V, 



and 



e{X) = l,e(y) = l,e(C/) = 0, e(y) = 0. 

Moreover, the action of the star-operation * of ^ on the generators of A may be taken to 
be 



X* = y, y* = X, u* = -g"V, v* = -qU , 



(67) 
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which imphes^^ that its action on any matrix coefficient is given by 

i<'J* = (-l)"'?"'vri„, _ . (68) 
As S{'kI,J = (tt^^O* (c-f- (1-52)), it follows that 

S«'J = . (69) 

Thus 

As the matrix coefficients of the doubly contragredient corepresentation tt^^ are given by 
{7ri^,Ji = S'^Tii,^ (c.f. (1.57)), it follows that the (2j + 1) x (2j + 1) matrix of (|0D (which 
appears in the expressions for the reduced matrix elements (|5lD and (|53| ) of the Wigner- 
Eckart type theorems) is diagonal and that its elements are given by 



B. Bosonic creation and annihilation operators as irreducible tensor operators 

Let b[,bi and bl, &2 be two pairs of 'deformed' bosonic creation and annihilation operators 
and A^i and N2 the associated number operators whose action on the infinite-dimensional 
Fock space spanned by the occupation number vectors is given (c.f. Refs. 17,18) by 

&i|ri.) = K]i/2|n,,-l), \ (72) 
Ni\ni) = rii \ni) , 

for z = 1,2, where it is assumed that the vacuum state vectors |0) are such that 6i|0) = 
for i = 1,2. It is also assumed that every member of the set {bi,bi, Ni} commutes with 
every member of the set {b^, b2, N2}. In the deformed generalization of the Jordan- Schwinger 
realization of s/(2) (c.f. Refs. 17,18), the basis vectors of the carrier spaces of the irreducible 
representations of Ug{sl{2)) are given by 
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vin= \j + ^ (73) 

and these, of course, are also the basis vectors of the carrier spaces of the irreducible 
corepresentations of A. 
Then 

Qlf, = bU-'^''\Q% = by^^, (74) 

and 

Q;;2 = ?M^^% Q% = -biq-'^''^ (75) 

are two sets of pairs of ordinary irreducible tensor operators that belong to the 2- dimensional 
irreducible corepresentation vr^/^ of A. 

This will now be demonstrated for the the first pair (0), starting from the definition 
(p5|), and taking V to be the direct sum of all the carrier spaces of all the irreducible 
corepresentations of A (with just one such irreducible corepresentation being included from 

each equivalence class). Define the right coaction tt of ^ by 

j 

^«,) = J2 ^m'^ ^m'rn , (76) 
m'=—j 

for all j = 0, -5, 1, . . . and m = j, j — 1, . . . , —j . Then in this case (BBI) becomes 



1/2 

{{zd®M)oi7r®zd)o{Ql/'®S)on){vi,)= ^ gf(^;^)®4', (77) 

£=-1/2 

for all j = 0, |, 1, . . . and m = j, j — 1, . . . , —j. It will now be shown that this is indeed 
satisfied for = |. (The proof for = — | is similar). By ([72l), (|6^), ([7^), and (|76l), the 
left-hand side of (|77|) for A; = ^ is 



X 1 ® M(7r^'ti 1 1 ® -m' ) • 

m" + ^ ^ m" + ^,m,'+^ — m,— m / 

Similarly, by ([72D, ([74D, and (0), the right- hand side of ( ffTD for A; = ^ is 



(78) 



2 2'2 2 2'2 
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so it remains to show that (^) reduces to (ffQl). However, by ( |63D and (|65|), (ffSD reduces to 



X 



m! + \ —m' 



1 

2 

' I 1 



m 



-m 



1 



2 ; 



j + 

m 



II I 1 



m 



(80) 



On invoking the Clebsch-Gordan orthogonahty relation 



L-im' =—j 



3 + 



3 



m + 2 —m 





/ 


2 




1 




2^ 


V 



3 + 



3 



m' + I — m' 



(and hence (|75D) reduces to 



3 + \ 



m" + I —m 



m" + I — m 





H 


1, if/=| 


1 

~A 




0, ifjVl 


4)(- 




— m) 


^2 


vr 

m"- 





(81) 



(82) 



However, the remaining Clebsch-Gordan coefficients are zero if m" + ^ — m > |, i.e. if 
m" > m, and are zero if m" + | — m < — |, i.e. if m" < m — 1, so these Clebsch-Gordan 
coefficients are non-zero only for m" = m, m — 1. Thus (^) (and hence ([78|)) becomes 

{[2][2j]!/[2j + 2]!}V2 q(h^-m-^) ) 



[ 


f ■ 1 ■ 

3 + -2 3 


1 \ 

2 




m — 1 —m 


1 

"2 7 



7r!i 1 + 

2 ' 2 



m + 2 — ""^ 



2 

1 

2/ 



which, by (^) and (|66D, reduces to ([791). Similarly 
and 



(83) 



1/2 
1/2 



1/2 



^Af2 



(84) 



are two sets of pairs of twisted irreducible tensor operators belonging to the 2-dimensional 
irreducible corepresentation vr^/^ of A. (This is easily deduced from (^) and ([79|) , because 
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in the special case of this algebra A, (|59|) and (|69D imply that the substitutions M ^ M o a 
and S merely correspond to the replacement of q by q~^). 

It has been observed previously by Biedenharn and Tarlini^^ that (^) provide a pair 
of irreducible tensor operators for the 2-dimensional irreducible representation of Uq{sl{2)), 
their argument essentially using ( |B1U| ) and the generalized Jordan-Schwinger realization 
of the generators of Uq{sl{2)), together with various identities involving the creation and 
annihilation operators. The object of the above analysis in this subsection is to give an 
explicit demonstration of the applicability of the new definitions (|B1CI| ) and ([Bll|) for A, 
which, of course, apply not merely to this example but to any compact quantum group 
algebra. 
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APPENDIX A: INTRODUCTION 

The purpose of this Appendix is to motivate the definitions that are given in the main 
body of the paper for the irreducible tensor operators. This will be done by considering the 
simple special case in which the Hopf algebra A is the set of functions defined on a finite 
group Q of order g, so that the dual A' of A is the group algebra of Q. Of course, as A is 
commutative in this special case, the resulting expressions are to some extent ambiguous, in 
that in this special case M is indistinguishable from M o a and 5* is indistinguishable from 
S^^. The demonstration of the correctness, consistency, and usefulness of the definitions 
that are actually employed for the general case are the subject matter of the self-contained 
arguments of the main body of this paper. 
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A summary of the basic facts concerning the relationship of A and A' may be found in 
the Introduction to the Appendix of Paper I. 



APPENDIX B: MOTIVATION FOR DEFINITIONS OF IRREDUCIBLE TENSOR 

OPERATORS 

The starting point of the present argument is (H), which of course also applies to finite 
groups, and which may be rewritten as 

7r'^\x)Q]7r'^{x-') = Y.^''ix)M (Bl) 

k=l 

for all X G ^ and all j = 1,2, ... ,dq. Here the operators if'P{x) are defined by 

7^'^(x)(^;J) = f:^nx),,^;^ (B2) 

k=l 

and are related to the corresponding left action vr'^ of A' (a mapping of the carrier space V' 
into ® A') by the prescription 

7r'P{x){v^) ='k'p{x®v^) . (B3) 

As here Sj^'{x) = x'^ and A^/(a;) = x ® x, ( |BT| ) can be rewritten in purely Hopf algebraic 
terms (for A!) as 

dq 

{n" o {id ® Q]) o {id ® vr'P) o {id ® S^' ® id) o (A^, ® id)){x ®v^) = Y. ^'ix)kjQUv'') 

k=l 

(B4) 

for all X G A', all G V^, and all j = 1,2, ... ,dq. (Here the r''{x)kj are now matrix 
elements of the irreducible representation vr'^ of the Hopf algebra A'). 

This condition can be recast entirely in terms of quantities defined for the Hopf algebra A 
in the following way. As noted in equation (I.A7), the relationship between a right coaction 
TTy of A and the corresponding left action vTy of A' (with the same carrier space V) is 

ny{a' (^v) = {Mv,c°{id(^ ev) o {a (8) id) o {id C?> Try)) (a' ® v) (B5) 
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for all a' G A! and all v &V , where the evaluation map ev (from A'®Ato C) is defined 
(c.f. (1.41)) by 

ev{a' ® a) = {a, a) (B6) 

for all a' G A' and all a ^ A. On applying this twice (once with with TCy = vr"" and once 
with TTy = tt'^), the left-hand side of (|B4|) becomes 

(Myr c°{id® ev) o (a ® id) o [id ® ttH o [id ® Q^) o [id ® vr^) o [id ® Myv c) 

(B7) 

o{id ®id® ev) o{id®a® id) o {id (g) S_a' -k'p) o (A_4/ ® id)){x ® v^) . 
As (I.A2) and (I. A3) can be rewritten as 

(M^o {ev®ev) o {id® a® id) o (A_4/ ® id)){a' ® a ® h) = {ev o {id ® M)){a' ® a ® h) 

for all a,h E A and all a' G A! , and 

(et; o (5*^, (g) id)) (a (g) a) = {ev o (id (g) S'))(a' ® a) 



for all a G ^ and all a' G ( p7|) can be re-expressed as 



{Myr^c o {id ® ev) o {a ® id) o {id ®id® M) o {id ® tt'' ® id) o {id ® ® S) 

(B8) 

o{id®TTP)){x®vP) . 

However, the right-hand side of (|B^ ) can be rewritten using (I.AIO) as J2t=i{^i'^kj)Qki^^): 
and hence as 

dq 

J^{Mvr,c o {id ® ev) o {a ® id) o {id ®Ql® id)){x ® v^ ® vr^^-) . (B9) 
fc=i 

On equating (|B8| ) and (B9), as the first three terms are common to both expressions, they 



can be removed. The remaining terms act simply as the identity on the factor x, so on 
removing this now trivial effect on x, it follows that ( P4|) is equivalent to 



{{td ® M) o (tt^' ® id) o {Q] ® S) o 'kP){v'') = ^ Ql{v^) ® Til- 

k=l 

for all v^ G and all j = 1,2,..., dq. As this involves only quantities defined for A, it 



provides the desired criterion (pl|). 
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Now consider the situation in which V is a vector space that is a direct sum of carrier 
spaces of unitary irreducible corepresentations of A and which contains at least (B V^. 
Let TT be the mapping of V into V ^ A that coincides with tt^ on and with vr*" on V^, and 
which acts similarly on any other carrier spaces that might be contained in V. Of course V 
is also is the direct sum of carrier spaces of unitary irreducible representations of A'. Then 
the generalization of ( p^) to this situation is 

dq 

(tt' o {id (g) Q'j) o {id (g) tt') o {id ® Sa' ® id) o {Aa' ® id)){x ®v) = T\x)kjQl{v) (BIO) 

k=l 

for all X G all v & V, and all j = 1,2,..., dq. (Here tt' is the mapping oi V ^ A' into 
V that coincides with tt'*' on and with vr'^' on V, and which acts similarly on any other 
carrier spaces that might be contained in V). The generalization of (0) to this situation is 
obviously 

dq 

{{id®M)o{Ti®id)o{Q]®S)oTx){v) = Y,Ql{v)®T^lj (Bll) 

k=l 

for aX\ V & V and all j = 1, 2, . . . , dq. 

Because M is indistinguishable from M o a and is indistinguishable from in the 
situation being considered here, the above arguments would equally well apply with each of 
the following 3 substitutions: 

1. replace M by M o cr, but leave S unchanged; 

2. leave M unchanged, but replace S by S~^; 

3. replace M hj M o a and replace S by S^^. 

However, in the general case in which A is non- commutative, the possibilities (1) and (2) 
are excluded because with them, and in the situation discussed in the previous paragraph, 
the identity operator would not be an irreducible tensor operator belonging to the identity 
corepresentation. With the substitution (3), ( pT]) changes into (p6D, which is the defining 



condition for a twisted irreducible tensor operator Q'j. (Of course the corresponding sub- 
stitutions for A' are A^/ — » cr o A^/ and Sj,' {S'^j^^j so that the analogues of ( |B4D and 
( [BTOD are 
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(vr"^ o (id (g) Q]) o (id (g) tt'p) o (id (g) (S*^)"^ (g irf) o (a (g irf) o (A^/ (g id)){x (g f^) 

(for all X e all G V^, and all j = 1, 2, . . . , cig), and 

(tt' o (irf (g Qj) o (id (g tt') o (id (g (5"^)"^ (g ic?) o (a (g ic/) o (A^/ (g id)){x (g t;) 

(B13) 

(for all X G all v ^ V, and all j = 1,2, ... , dq). 

It is worth noting that (B^), (PTO), (??), and (|B13|) provide the appropriate definitions 



for irreducible tensor operators not merely for the context in which they have been derived 
here (i.e. for the case in which A! is the group algebra of a finite group Q), but also for 
the case in which A! is the universal enveloping algebra U{C) of a Lie algebra C (with 
Sa'{(^) = and A^/(a) = a(gl + l(ga for all a & C), and for deformations of such 
universal enveloping algebras. (Of course in the case A' = U{C), the criteria (|B4|) and 



(??) coincide and the criteria ( P10|) and ( P13|) also coincide, but this will not be true for 
deformations of U{C)). 



APPENDIX C: DERIVATION OF THE RIGHT COACTIONS 

Consideration of (^ suggests that one first defines an operator Tr^pr to be the mapping 
of A' (g C^^ into that is given by 

Ti'cAx ® g) = tt"\x) Q n'^ix-^) , (CI) 

where the operators if'^{x) were defined (p2|) (and the Tf'^'{x) are defined similarly), and 
where Q is any member of If a^, a^, . . . form a basis for A', ([Cl] ) can be re-expressed in 
purely Hopf algebra terms (with x = a^) as 

1 L (C2) 

(it? o {id (g M) o (tt"" (g)id(g) tt'p) o {id (g a) o {id (g Sa' ® id) o (A^/ (g id)){a'' (g Q). 
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(Here the operator multiplication operation M is defined by M{Q ® Q') = Q o Q' for all 
Q,Q' & It is then easily demonstrated that left action of A' with carrier space 

After some algebra, it can be shown that ( |C2|) can be rewritten in terms of components 

as 

Tr'^Aa" ® Q) = E E , M(7r;,„ ® S{nf^))) q^{Pf^ , (C3) 

i,j=l m,n=l 

where the operators are defined in ( p^ and the matrix elements qja are defined in (p!7[). 
The corresponding right coaction vr^pr of A is then given (c.f. (I.A6)) by 

ncpr (g) = E TT^pr (a'' ® Q) ® afc (C4) 

k 

for all Q G where ai, a2, . . . is the dual basis of A. Thus, by ( |C3D and ( P^) , 

j,j=l m,n=l 

which is (H). 

On replacing M by M o a and 5* by 5*"^, the definition (|32D changes into the definition 

(P7|) for TT^pr. 
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